Visible matter in the current Universe is a consequence of the phase transition of the strong force, quantum chromodynamics (QCD). This phase transition has occurred at the Universe temperature around Tc 165 MeV while it was expanding. Strongly interacting matter particles are quarks above Tc, while they are pions, protons and neutrons below Tc. The spin degrees of freedom 37 in the quark and gluon phase just above Tc are converted to 3 (pions) after the phase transition. This phase transition might have been achieved mostly at supercooled temperatures. The supercooling was provided by the expansion of the Universe. We obtain the effective bubble formation rate α(T ) ≈ 10 4−5 MeV and the completion temperature of the phase change (to the hadronic phase), T f 126 MeV. During the phase transition, the scale factor R has increased by a factor of 2.4. This provides a key knowledge on the energy density of "invisible" QCD axion at the full hadronic-phase commencement temperature T f , and allows for us to estimate the current energy density of cold dark matter composed of "invisible" QCD axions.
I. INTRODUCTION
An "invisible" QCD axion [1] [2] [3] [4] attracted a great deal of attention because of its solution to the strong CP problem and its role as cold dark matter (CDM) candidate in the evolving Universe [5] [6] [7] . For the strong CP solution, only one axion is needed, which is the phase of a complex singlet field in the Standard Model [1] . Recently it attracted a great deal of attention in the lattice community, where it became possible to accomodate the effects of fermion loops now [8] .
The most asked-for question in cosmology now is, "What is dark matter in the Universe?" For a few decades, it is believed that CDM constitutes most of dark matter in the Universe. Among the CDM candidates, weakly interacting massive particles (WIMPs) attracted most attention in supersymmetric theories due to its cosmological role with the lightest supersymmetric particle. But, without any hint of TeV scale particles (including SUSY particles) at the LHC detectors [9] , the WIMP scenario lost momentum [10] . This situation triggered an increased interest in the "invisible" QCD axion: in theory [11] [12] [13] [14] [15] [16] , in experimental groups [17] [18] [19] [20] , 1 in the lattice community [8, 25, 26] , and in its cosmological role [27, 28] .
The "invisible" QCD axion a (orθ = a/f a ) has arisen as a favored CDM candidate based on the reasonable estimates on the energy of bosonic collective motion (BCM) in the Universe [29] . The usual axion window for CDM assumes θ =O(1) at the Universe temperature 1 GeV, which decreases to the current value by a factor ≈ 10 −19 [30] . But, the estimates need both the high temperature QCD effects and the QCD phase transition below a typical QCD scale below 1 GeV. From the early days on, the zero temperature susceptibilty χ [31] and the high temperature expression of χ based on symmetry [32] have been known. The recent estimates of χ around the QCD phase transition have been performed from the lattice calculation, including the temperature effect [8, 25] . The lattice calculation must give the earlier zero temperature value [31] . The earlier high temperature expression gave a temperature dependence but its overall coefficient is not known [33] . An important aspect to be noted in the QCD phase transition is that it has occurred during the evolution of the Universe. Without the history of the Universe, studies on QCD phase transitions are only of academic interest, since the current hadronic phase is a consequence of this phase transition in the evoling Universe. The quark and gluon phase (q&g-phase) at temperature 1 GeV transforms to pions and nucleons of hatronic phase (h-phase) below the critical temperature T c . If the Universe evolution does not allow a completion of this phase transition, the current Universe has never arisen.
In this paper, we attempt to analyze the QCD phase transion in the evolving Universe, satisfying two principles: one that during the phase transition two phases (q&g and h) have the same temperature and pressure, i.e. the Gibbs free 2 (t) nearθ = 0 for C = 1.5 during the quark-hadron phase transition. Susceptibility χ shown with the blue arrowed curve is used to calculate T1, with the knowledge of χ at Tc. For χ, only the temperature information due to instanton effect [33] is needed without any need for the cosmic time because it is strong interaction effect. Below the ρ meson scale, we used a different temperature power to connect to the h-phase value at Tc smoothly. In the logarithmically enlarged inset, it appears as a cusp. For ma(0) < 3.58 × 10 −3 eV, we have t1 > tρ. From the cosmic time t1, the axion energy density is calculated in the red arrow directions, and (t f /tc) −1.5 = 0.44765 is taken into account. The increase of the h-phase fraction after tc is shown as a dash curve, fulfilling 1 at t f .
enery is conserved at any stage of the phase transition and the other that after the phase transition the free energy is conserved during the h-phase bubble expansion in the supercooled temperature. One can understand why it restricts the evolution so much just by counting the number of degrees in the q&g-and h-phases above and below the critical temperature T c , respectively. For up and down quarks and gluons, the number of degrees is 37 in the q&g-phase and 3 (pions) in the h-phase.
2 So, when quarks and gluons of one family become just one set of pions, there must be a physics principle. The principle is the Gibbs free energy conservation which determines the pion number density in the h-phase. At and below the critical temperature T c , both q&g-and h-phases co-exist with the same Gibbs free energy, i.e. with the same pressure and temperature. Next, at an appropriate super-cooled temperature, the h-phase bubbles start to expand. Taking into account these conditions in the evolving Universe for the QCD phase transition, we estimate the density of "invisible" axions in the current Universe, and estimate parameters for "invisible" QCD axion to be CDM.
Usually, the initial misalignment valueθ 1 at cosmic time t 1 , at temprature T 1 1 GeV, is used for the axion energy density calculation. The valueθ 1 is assumed to start to roll down at cosmic time t 1 . But, the commencement of oscillation is postponed to a later time, which is called the bottle neck period [34, 35] . In the q&g-phase after t 1 , the temperature dependence of axion energy has a power ∝ T −8.16 [33] . This is taken into account properly in our study of the QCD phase transition. The period of QCD phase transition is defined from t i (somewhat after t c ) to t f , shown with the lavender color in Fig. 1 . In Fig. 1 , susceptibility and the axion energy density in units of 1 2θ 2 are presented. In this region, the onset of the first order phase transition is postponed to an effective supercooled temperature ≈ 140 MeV (where the most large phase transition rate is achieved) below the lattice estimated critical temperature T c 150 − 170 MeV [8, 25] . Adding the effects of bottle neck period, QCD phase transition andθ evolution after t f , we obtain the current vacuum angleθ now ,
where r f /1 = r osc/1 · r f /osc is the ratio ofθ 's at t f and t 1 , presented in Sects. II and III.θ now /θ f is estimated to be around 10 −19 [30, 35] .θ now is the important parameter showing the current CDM axion energy density.
II. QCD PHASE TRANSITION
In our study of quark-gluon and hadron phase transition, it is enough to consider up and down quarks, u and d.
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The chiral symmetry breaking is proportiolal to light quark masses m u m d /(m u + m d ) since it should vanish if any one quark is massless. Even if the QCD scale Λ QCD is a few hundred MeV, the axion mass should take into account the chiral symmetry breaking in terms of the current quark masses m u and m d in the q&g-phase. At zero temperature, the parameters are those in the h-phase, and the axion mixing with π 0 should encode the chiral invariance in case of m u = 0 or m d = 0. Calculation of axion mass in the h-phase is an old problem and is given in terms of the hadron parameters m π 0 and f π 0 [31] . It is a zero temperature value in the h-phase. In the lattice calculation, topological susceptibility χ is calculated for q i q i for quark fields q i . At high temperature around and above 1 GeV in the q&g-phase, the QCD parameter Λ QCD is used for the non-Abelian gauge coupling via the dimensional transmutation [33] . Again the chiral symmetry property should be valid, i.e. it vanishes in the limit of m u = 0 or m d = 0. Summarizing these for two flavors [36] , 4 Quark and gluon phase with Λ QCD :
(
Hadronic phase with f 332 MeV [39] , the values in the q&g-phase and in the h-phase are (88 MeV) 4 and (77 MeV) 4 , respectively. Note that the values calculated in the h-phase, the second and third lines of (2), are almost identical. This confirms the validity of the lattice calculation in the h-phase [8, 25] .
The QCD phase transition, transition from the q&g-phase to the h-phase and chiral symmetry breaking, assumed to occur simultaneously. This transition has been discussed in another context long time ago [40] .
Early works on the QCD phase transition in the lattice community were dominated by quenched results [41] , and claimed the first order phase transition as, "It is numerically well-established the phase transition is the first order in the quenched limit, and there is strong numerinal evidence for first order in the chiral limit" [42] . On the other hand, the cross over transition was observed in Ref. [43] . The recent developments in saving computing time, using Möbius parameters, confirmed the crossover phase transition [44] because of the failure of growth of susceptibility "χ as 2
3 when the volume is increased from 32 3 to 64 3 ", and claimed "the QCD phase transition is not first order but a cross-over." The critical temperature was given as 154 ± 1 ± 8 MeV, where chiral quarks appear above 164 MeV. The cross-over begins with the second order without growing χ and finishes as the first order in the end. Since the hint of the cross over transition appears around 164 MeV [44] , we use the critical temperature T c given in [25] T c = 165 MeV. So, if h-phase bubbles form inside q&g-phase, formation of one typical bubble size will be dominated, which we take as R 3 i . Here, we adopt two basic principles: (i) two phases (q&g-and h-phases) coexist with the conserved Gibbs free energy during the phase transition [45] , and (ii) pion bubbles start to expand at supercooled temperatures. The phase transition is completed into the h-phase by the time t f in the evolving Universe. Contributions of light degrees below Λ QCD to energy density and entropy, in the initial and final states, are
where ζ(3) 1.202, for one family of quarks and leptons, gluons, one set of pions, photons, and more neutrinos. Note that the ratio of entropy to number density is s/N = 
where the angleθ is a/f a and m a (t) is the temperature dependent axion mass. At a cosmic time scale 3H ∼ m a , θ is negligible and Eq. (5) determines an angleθ 1 which was known to be T 1 1 GeV [34, 46] . We will present new numbers below. At temperature T 1 , the QCD phase is in the q&g-phase with the current quark masses, and hence the axion number determined is at the time when the single particle effect is dominant. In this region, the scattering effects in scattering experiments between single particles are expanded in powers of Λ QCD /|Q| where Q 2 is the momentum transfer in the high energy scattering, where Λ (3) QCD 332 MeV for three light quarks [39] . On the other hand, after the QCD phase transition, it belongs to the many body phenomena where the quantity susceptibility χ is used. Fortunately, now there exist numbers on the susceptibility from lattice calculations at the level χ 76 MeV [8, 25, 26] .
In the left panel of Fig. 2 , formation of a typical size h-phase bubble in the q&g-phase region at temperature T q is shown. Here, the q&g-phase fraction is (1 − f h ) and the h-phase fraction is f h . For the temperature-time relation in the evolving Universe, we use the spin degrees given in Eq, (4) and for comparing the number densities in the q&g-and h-phases we use g q * = 37 and g h * = 1. 5 In the right panel of Fig. 2 , four scales of bubbles are illustrated at four different time scales.
The first order phase transition in the thin wall semi-classical approximation has been discussed long time ago [47] [48] [49] in field theory which, however, is difficult to use directly in the evolving Universe. Here, we use just this field theoretic idea of bubble formation, even not using the first order, and will solve a phenomenological differential equation on the h-phase fraction f h , which may be consistent with the cross over transition [44] .
On the change of statistical systems of many particles, the following three energy variables, internal energy U , free energy A and Gibbs free energy G, are useful,
dA = −SdT − P dV + µdN,
where the chemical potential µ is the energy needed to add one particle to a thermally and mechanically isolated system [45] , and N is the number density. The state variables in (6, 7, 8) are implied, i.e. U (S, V, N ), A(T, V, N ), and G(T, P, N ), which are related by Legendre transformations. The first law of thermodynamics is dU = 0. The conserved quantity in the expanding Universe is given by dA = 0. Thus, dA = 0 is the condition we will use for the conserved quantity in the comoving volume. In our immediate case on the first order phase transition, the Gibbs free enrgy is conserved such that the temperatures and the pressures of the q&g-phase background and the h-phase bubble are the same,
Phase change between q&g-and h-phases :
where both signs of δµ q and δµ h are taken to be positive for one particle increment, and g q,h are the Gibbs free energies, G = A + P V = N µ. During the QCD phase transition, therefore, the temperatures of quarks, gluons, and pions remain the same, denoted as T . Thermalization of hadrons at T with leptonic temperature will make the resultant cosmic temperature T . In the cosmic expansion, we use the cosmic temperature T and the comoving volume V , and hence the free energy dA is the relevant differential. At T c , suppose that one family density of quarks and gluons in the q&g-phase transforms to the pion density N in the h-phase,
• At T c , Eq. (9) gives
where E π is the pion energy. Thus, we obtain the number density N π for the average pion energy E π ,
where the average energy at T c for a relativistic boson is used [50] 
As the Universe expands,
• Momentum change by the wall perpendicular to x-axis is 2Ev x , and the resulting force is 2Ev 2 x /∆x; thus the force on the unit area is 2Ev 
5 For one set of pions, we can use g h * = 3 but counting just the number of pions, disregarding the charge differences, it is more convenient to use g h * = 1 and move the factor 3 in the other equations.
FIG. 3:
where we considered wavelengths up to the Compton wave length of π, λ min ≤ λ ≤ 1/m π . Beyond λ min , it is better to consider quarks and gluons rather than pions. For λ ≥ 1/m π , pions are considered to be individual particles. At T , the maximum pion energy is considered to be E max = m 2 π + T 2 . Thus, we used E cutoff = m 2 π + T 2 , for which we obtain the solid curve in Fig. 3 . • In the expanding Universe, the free energy is conserved,
Using dV q = −dV h ,
Since dT /dt is negative, the right-hand side of Eq. (16) is always positive and the fraction of h-phase increases.
• After the h-bubbles are formed, the temperature (obtained by collisions) of the inside h-phase drops faster than that of the outside q-phase because g * (inside) < g * (outside) and pions are massive. This is illustrated as the temperature inequality in Fig. 2 . The expansion of bubbles will be approximated by phenomenological parameters.
For the critical temperature, we use T c = 165 ± 5 MeV [8, 25] . So, χ at T c is set as the zero temperature h-phase value. This is equated to the χ value in the q&g-phase at T c . Knowing the χ value in the q&g-phase at T c , extend it to the GeV region via the instanton effect with temperature dependence. In the q&g-phase, the temperature dependence was given as ∝ T −8.16 in Ref. [33] . We use this power in the region where quarks and gluons are manifest, i.e. above the ρ meson mass scale. Below the ρ meson mass scale and above T c , the consituent quark mass around 300 MeV are present. So, it is not obvious to use the power T −8.16 in this region. We smoothly connect the temperature dependence in this region, between the ρ meson mass scale and T c , by an interim power ∝ T −4.21 . In this way, we extend the axion mass above T c . Then, determineθ 1 by the condition m a (T 1 ) = 3H(T 1 ). The temperture T 1 is determined as shown in Fig. 4 . Some time after a bubble is formed, its radius would expand with the light velocity, and its volume would increase with the rate 3/R(t) where R(t) = t + R i . Here, R i is the initial radius of the nucleated h-phase ball, R i = R(0). Therefore, including the Hubble expansion, the differential equation for fraction f h of h-phase is approximated by the following differential equation,
where α(T ) is the rate of formation of the h-phase ball of radius R i of typical pion size, and α(T ) from Eq. (16) is estimated as
in which we used dT /dt = − 1 2 T /t in the radiation dominated (RD) Universe. Equation (17) is effectively summarizing the above items by two parameters, α(T ) and C. In Fig. 5 , α(T ) is shown.
The initial condition is f h (t = 0) = 0. In Eq. (17), 3/(t + R i ) takes into account expansion of a bubble(s), starting from radius R i . As time goes on, some bubbles coalesce and the overlapped part should not be considered for expanding. This overlapping part diminishes as f h approaches 1 since there is not much (1 − f h ) from which new bubbles would form. Near f h = 0 also, there is no coalesce effect since the balls has not expanded yet. Equation (17) introduces a phenomenological parameter C(> 0) to take into account these coalesce effects.
As the Universe expands, the QCD phase transition starts at T c , and ends when f h = 1 is reached, whose time scale is denoted as t f (at temperature T f ). Then the phase transition is complete, after which the Universe goes into the RD one in the h-phase. After completing the QCD phase transition, f h is 1, as illustrated as the dashed curve for C = 1.5 in Fig. 1 .
In Fig. 6 , we show f h (t) for several different values of C. The C dependence controls the value T f . For example, C = 0.5, 1, 1.5, 2, and 3 give T f = 0.653T c , 0.647T c , 0.641T c , 0.634T c , and 0.623T c , respectively. 6 The C dependence is not very dramatic, and we use C = 1.5 in Fig. 1 for which the Hubble radius is increased by a factor of 2.4 during this QCD phase transition.
If x fraction of the current CDM energy density is made of "invisible" axions, the axion energy density is x × 0.9935 × 10 −35 MeV 4 . The "invisible" axion energy density at t f is ρ a (t f ) given in Fig. 1 . The "invisible" axion
f ), (θ now /θ f ) 2 must be of order 10 −42 x. Thus, for the "invisible" axion to become CDM, |θ now /θ f | must be of order 10 
III.θ EVOLUTION IN THE BOTTLE NECK PERIOD AND MORE
Susceptibility χ at T c is known [8, 25] . This value at T c is identified as χ at T c in the q&g-phase. Then, extend this to the GeV region via the instanton effect [33] , determining T 1 by the condition m a (T 1 ) = 3H(T 1 ). Then, from T 1 down to T osc , evolveθ according toθ
where dot denotes the derivative with respect to t. After t osc , the harmonic oscillation is an excellent description of the oscillation [34, 35] . Figure 7 shows the factors r osc/1 (the upper figure) the ratio ofθ 's at the time t osc (the
The ratios r osc/1 ≡θosc/θ1 and r f /osc ≡θ f /θosc as functions ofθ1 for three ma(0)(= 10 −3 eV(green), 10 −4 eV(red), 10 −5 eV(blue). In the upper figure, these curves are almost overlapping shown as gray. tosc is the time of the 1st oscillation after which the harmonic motion is a good description. Different T1's are used for different ma(0), as presented in Fig. 4. commencement time of the 1st oscillation after the bottle neck period) and at t 1 , and r f /osc (the lower figure) the ratio at t f and at t osc . Three curves are for three axion masses, m a = 10 −3 eV, 10 −4 eV, and 10 −5 eV. r osc/1 does not have a strong dependence on the axion mass (Supplement and [35] ), but r f /osc has the axion mass dependence as shown in the lower part in Fig. 7 . For m a = 10 −4 eV, Fig. 7 shows r osc/1 = 0.99871, 0.99871 7 , 0.97407, and r f /osc = 2.005 × 10 −2 , 2.005 × 10 −2 , and 1.5346 × 10 −2 , respectively, forθ 1 = 0.5, 1, 0.99π. Bullets correspond tō θ = 1 for m a = 10 −4 eV, in which case the product is r f /1 (θ 1 = 1) ≡ r osc/1 (1) · r f //osc (1) 2.002 × 10 −2 . .
The power 0.591 can be compared to 0.184 of Ref. [34] and 1 6 of Ref. [52] . Our large value is due to our method of obtaining different T 1 's for different axion masses shown in Fig. 4 , in contrast to using a unique value for T 1 [34, 52] .
IV. CONCLUSION
We studied the QCD phase transition, satisfying two conditions: coexistence of q&g-and h-phases with the same Gibbs free energy below T c and the expansion of the h-phase bubbles afterwards by a phenomenological differential equation, Eq. (17) . These allow a narrow temperature range for forming h-phase bubbles at T ≤ 165 MeV. Within this narrow range, we obtain a temperature dependent bubble formation rate α(T ). Using this calculated α(T ), we obtain the completion temperature of the QCD phase transition, T f 126 MeV, corresponding to t f ≈ 63 µs. This provides a key knowledge on the energy density of "invisible" QCD axion at t f which allows us to estimate the current CDM density of "invisible" QCD axion.
